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Recent investigations [I] by Arthur and Clozel into the theory of 
automorphic forms on GL(n) led them to the notion of an accessible 
irreducible character x of a finite solvable group G. Such a x is just a com- 
plex irreducible character which is an integral linear combination of 
characters AG of G induced from linear characters I of subnormal sub- 
groups of G. They were able to prove a strong form of Artin’s Conjecture 
about holomorphic L-series for accessible x (see Theorem 3.1 of [2]). Since 
Artin’s Conjecture is well known to be true for monomial x, it was natural 
to ask for examples of accessible irreducible characters which are not 
monomial. 
We shall show that no such examples exist, i.e., that every accessible 
irreducible character x of a finite solvable group G is monomial. In fact, 
such a x is induced from a linear character of a subnormal subgroup of G. 
This is an immediate consequence of the stronger 
THEOREM. Suppose thut N is a solvable normal subgroup of a finite group 
G and that x is a complex irreducible character of G such that x is an integral 
linear combination of characters AG inducedfrom linear characters of subnor- 
mal subgroups of N. Then x = vG is inducedfrom a linear character v of some 
subnormal subgroup of N. 
The additional complication of the normal subgroup N is needed to 
make the inductive proof of the theorem go through (see the remarks 
following Lemma 13 below). 
Before starting the proof of the theorem we introduce the more or less 
standard notation which we shall use. Fix a finite group G. We write Irr(G) 
for the set of all complex irreducible characters of G, and Lin(G) for the 
subset of all complex linear characters of G, i.e., of those 4 E Irr(G) whose 
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degrees deg($) are 1. A generalized character of G is a function < from G to 
the complex numbers C such that 
5= C a& 
6 E h(G) 
(1) 
for some a+ in the ring 72 of all ordinary integers. If all of the a, are non- 
negative, then 5 is an ordinary character of G. Of course, the set X(G) of all 
generalized characters of G is a free Z-module with Irr(G) as a basis. In 
fact, Irr(G) is an orthonormal basis for X(G) with respect to the usual 
inner product: 
for 4, $ E X(G), 
where IG( is the order of G (see Satz V, 5.9, in [3]). So the coefficient a4 in 
(1) is just (5, 4) = (4, 0. A character 4 E Irr(G) is an irreducible constituent 
of 4 if and only if a4 = (<,4) # 0. 
To indicate that H is a subgroup, normal subgroup, or subnormal sub- 
group of G we write H d G, H g G or H g a G, respectively. The inclusion 
is strict when the underlining is removed, i.e., when we write H -=c G, 
H 4 G, or H (I 4 G, respectively. Suppose that C$ EX(H) and $ E X(G) for 
some H < G. Then we denote by C#I” the character in X(G) induced from 4, 
and by $H the character in X(H) restricted from $. We often need the 
Frobenius Reciprocity Law (see SatzV, 16.5, in [3]): 
We use exponential notation for conjugation. Thus the conjugate of an 
element r E G by an element 0 E G is z” = C’ZC, that of a subgroup H < G 
by ~7 is H”=a-‘Ha<G, and that of a character c$EX(H) by CJ is 
&’ E X( H”) given by 
i”(fY =4(T)? for all t E H. 
With this we can express Mackey’s Formula (see Satz V, 16.9, in [3]). This 
concerns two subgroups H, K of G and two characters 4 E X(H) and 
@ E X(K). It says that 
(4”Y Ic/“)=C ((&7wnK9 ICIWnK), 
0 
where CY runs over representatives for the H, K double cosets HoK in G. 
Finally, the commutator [a, z] of two elements CJ, z E G is C-IT - ‘CJT, 
while the commutator [H, K] of two subgroups H, K < G is the subgroup 
of G generated by all commutator elements [o, T] with (T E H and z E K. 
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Proof of the Theorem. We shall use induction on the order IGI of G. If 
JGI = 1, then N= G and x is the trivial character 1, of both G and N. The 
theorem clearly holds in this case with v = 1 c; = 1 N. 
From now on we assume that (Cl > 1 and that the theorem holds for all 
strictly smaller values of [GI. We also assume that 
(1) x is not induced from a linear character of a subnormal subgroup 
of N. 
We shall prove a series of lemmas and statements based on this 
assumption. Ultimately we shall reach a contradiction, thus proving the 
theorem. 
Let 9 be the family of all linear characters 1% of subnormal subgroups of 
N. Then we have 
XE c Z/l” (2) 
i. t 2 
by hypothesis. A key observation is that B can be replaced by a more 
convenient subfamily JZ in certain situations. 
LEMMA 3. Suppose that K is a normal subgroup of G such that K d N, 
and that xK has a linear irreducible constituent IC. Let A’ be the subset of 2 
consisting of all ,u satisfying 
p E Lin(M), for some M such that K < M _a 9 N and (da) 
/iK=K. (4b) 
Then we have 
XE c QG. (5) pE-U 
Proof: As usual, we denote by Irr(G 1 K) the set of all 4 E Irr(G) such 
that K is an irreducible constituent of dK. The Frobenius Reciprocity Law 
implies that Irr(G 1 K) is just the set of all irreducible constituents of K~. Let 
e be the idempotent Z-endomorphism of the Z-module X(G) determined by 
44) = 4, 
= 0, 
Then (2) implies that 
if 4 E Irr(G 1 K), 
if 4 E Irr(G)\Irr(G 1 K). 
x=e(x)e 1 Ze(A”). 
is2 
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So the lemma will hold once we show that 
e(l.“) E 1 ZpG, (6) 
PE.ff 
for any 2 6 9. 
Let L be the subnormal subgroup of N such that 1~ Lin(L). Mackey’s 
Formula gives: 
where (T runs over representatives for the double cosets KaL in G. Since 
K 5 G, this simplifies to 
Both (kb)KnL and AKnL are linear characters of K n L. So their inner 
product is 1 if they are equal and 0 if they are not. 
Suppose that 
I 'KnL+tKo)KnL for all (r E G. 
Then (K~, AG) = 0, by the above argument. Because ~~ and AG are both 
ordinary characters of G, this implies that they have no irreducible 
constituents in common. Hence e(A”) = 0 and (6) holds in this case. 
Now assume that we are in the opposite case, i.e., that 
for some 0~ G. The conjugate ,subgroup L"-' is also subnormal in 
N= NC-‘, and A”-’ E Lin(L”-‘) satisfies (A”-‘)G = LG. Furthermore 
(EbqKnLn-I = (A KnL)4~‘=((K6)XnL)u~‘=KKnL~-‘. 
So in proving (6) we may replace A and L by A”-’ and LO-', respectively, 
and assume that 
I *KnL=K~n~. (7) 
Suppose that Kb L. Then (7) says that I,= K, i.e., that I E A% (see (4)). 
Furthermore, ;1 is an irreducible constituent of ~~ by the Frobenius 
Reciprocity Law. So ~~ = ,I + II/, for some ordinary character $ of L. Then 
we have 
KG = (K”)‘= AC + J/“, 
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which implies that every irreducible constituent of AC is one of K’, i.e., lies 
in Irr(G ( K). Therefore e(A”) = AC, and (6) holds in this case. 
Now assume that we are in the other case where K & L. Then we have 
KnL<K. (84 
We may also use induction on the index of K n L in K and assume that 
(8b) Zf L’AS N and Kn L< Kn L’, then (6) holds with any 
1’ E Lin( L’) in place of A. 
From L (1 -a N and KS N it follows that 
The group N is solvable by hypothesis, and L < KL by (8a). So there exists 
a subgroup H satisfying: 
LdHaa KL_a_a N, (94 
and 
(9b) The factor group H/L is cyclic of prime order p. 
Evidently H is the product (Kn H) L of its normal subgroups Kn H 
and L, whose intersection (Kn H) n L is just K n L. It follows that 
[KnH, L]<KnL. 
Using the linear character A,, L = rcKn L of (7), we define a function f from 
(Kn H) x L to the non-zero complex numbers C x by 
f(c ~)=4C~, tl)=4C(T tl), for all oEKnHand MEL. 
Since AKnL=~KnL may be extended to characters ~~~~ E Lin(Kn H) and 
1 E Lin(L), it is invariant under conjugation by elements of Kn H and L, 
and. hence of H = (K n H) L. This and standard identities for commutators 
(see Hilfsatz III, 1.2 in [3]) tell us that f is bilinear: 
f(~l~ZY r)=f(a,, 7)f(a,, 7L forallo,,cr,EKnHandrEL, 
and 
f(c 7,72)=f(6 7,)flc 7,L forallaEKnHandr,,7,EL. 
In particular, the right kernel 
R={rEL)f(KnH,r)=l} 
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of f is a normal subgroup of L. The linearity of K implies that f(a, z) = 
rc([a,s])=l, for any aeKnH and TeKnL. We conclude that 
(KnH)nL=KnL<RgL 
and hence that 
RaH=(KnH)L. 
The factor group H/R is isomorphic to the direct product of 
(K n H)/(K n L), which is isomorphic to the cyclic group H/L of (9b), and 
of L/R, which is abelian since f is bilinear. Hence R contains the derived 
group [H, H] of H. The linear character I, of R is clearly stabilized by L. 
If aEKnHand TER, then 
(~(r)(5)=~R(Sn-‘)=~R([~~‘,Z-‘]Z)=~R([d-’,~-1])~~(Z) 
=f(a--',z -') l",(T) = A,(r). 
Therefore K n H and H = (Kn H) L also stabilize 2,. It follows that the 
kernel 
S = Ker(;l,) (10) 
of R, is a normal subgroup of H contained in Ker(I), and that the factor 
group R/S is cyclic and centralized by H. Therefore the factor group 
R=H~s 
is nilpotent of class at most two, and its derived group [Q, I?] and center 
Z(R) are related to i? = R/S by 
[lT,Ff]QR<Z(R). 
If a,zeKnH, then [a,T]EKnL, since (KnH)/(KnL)=H/L is 
cyclic. Furthermore, A( [a, z] ) = rc( [a, t] ) = 1 by (7). So [o, r] E S. We 
conclude that the image (K n H) S/S of K n H is an abelian normal sub- 
group A of R. Any 4 E Irr( R) has some E E Lin(A) as an irreducible con- 
stituent of its restriction $a. Clifford’s Theory (Haupsatz V, 17.3 in [3]) 
says that 4 is induced from an irreducible character ${5} of the stabilizer 
a(E) 0fEin R such that i{ ci) d is a multiple of Cc. Because B is nilpotent, 
SO is its subgroup I??(i). Therefore Q(e) is induced from some linear 
character ,? of some subgroup L’ of n{ E} (see Satz V, 18.5 in [3]). Since 
((TW@l ))a is a multiple of 8, Mackey’s Formula forces t’ to contain A and 
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TA to be & The subgroup L’ is subnormal in the nilpotent group R (see 
Hauptsatz III, 2.3 in [3]). Thus 
is induced from a linear character f’ of a subgroup t’ satisfying 
Inflating back to H and using (9a), we see that 
(11) Any 4 E Irr(H) with S Q Ker(+) is inducedfrom a linear character 
;I’ of some subgroup L’ satisfying 
(KnH)S<L’ aa H_aa N. 
Clearly the subgroup L’ in (11) satisfies 
KnL’>KnH>KnL. 
So (8b) tells us that 
e(q5”) = e( (l’)G) E 1 ZpG. 
PEA 
We know from (10) that 1, is trivial. Since SA H, this implies that 
S < Ker(AH). It follows that 1” is an integral linear combination of charac- 
ters 4 E Irr(H) such that S < Ker(4). Therefore e(n”) is an integral linear 
combination of the e(dG), and (6) follows from the above inclusion. This 
completes the proof of Lemma 3. 
The next two lemmas are standard consequences of (l), given Lemma 3. 
LEMMA 12. The restriction xN is faithful, i.e., its kernel is the identity 
subgroup of N. 
Proof: The kernel K of x,,, is a normal subgroup of G contained in N, 
and the restriction xK is a multiple of the trivial linear character IC of K. 
Applying Lemma 3 to this situation, we see that (5) holds with J con- 
sisting of all ,U satisfying (4). Evidently x is inflated from an irreducible 
character j of the factor group G= G/K. If p and A4 satisfy (4), then 
&? 4 M/K is a subnormal subgroup of the normal subgroup m = N/K of G 
and p is inflated from a linear character j of M. From (5) we conclude that 
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- - 
If IGI < [Cl, then the theorem holds by induction for G, N and X. It tells 
us that 2 = V” for some linear character V of some subnormal subgroup of 
N. Then v inflates to a linear character v of a subnormal subgroup of N 
such that x = vG. This contradicts (1). Therefore IGI = JGI and Lemma 12 
holds. 
LEMMA 13. Let K he an abelian normal subgroup of G satisfying K < N. 
Then xK is a multiple of a single faithful character K E Lin(K). Hence K is 
cyclic and central in G. 
Proof Any irreducible constituent IC of xK is linear since K is abelian. 
Thus (5) holds by Lemma 3, where jtk consists of all I-( satisfying (4). 
Obviously (4b) implies that the domain M of any p E JZ stabilizes K under 
conjugation. So A4 is a subgroup of the stabilizer G(K) of K in G, as well as 
a subnormal subgroup of N. The join of any two subnormal subgroups of 
N is again a subnormal subgroup of N (see (7) in [4]). Therefore the 
subgroups M appearing in (4) generate altogether a single subgroup L 
which is evidently subnormal in N as well as normal in G(K). 
By (5) there exist integers a, E Z such that 
Clifford’s Theory (see Hauptsatz V, 17.3 in [3]) tells us that induction to G 
is a bijection of Irr(G{ K} I K) onto Irr(G I K). Since x E Irr(G ) K), this gives 
us a unique x{Ic} EIrr(G{K} I ) K such that ~{rc}“=~. Furthermore, X(K) 
is the only Z-linear combination II/ of characters 4 E Irr(G{ rc} I K) such that 
Ic/” = x. But (4b) and the above equation imply that 
I) = 1, a,pG(“) 
YCd 
is such a combination. Therefore we must have 
X(K) = C a,pGiK). 
PEA 
Now the hypotheses of our theorem are satisfied by G(K), its normal 
subgroup L and its irreducible character X(K). If JG{K}( <ICI, then 
X(K) = ~‘(~1 for some linear character v of some subnormal subgroup 
Dam(v) of L. Since L is subnormal in N, so is Dam(v). Hence 
X=X{K}‘=VG is induced from the linear character v of a subnormal 
subgroup of N. This contradicts (1). Hence we must have 
G(K) = G. 
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Now Clifford’s Theory tells us that xK is a multiple of K (see Hauptsatz 
V, 17.3 in [3]). Because x,,, is faithful by Lemma 12, so are xK and K. 
An abelian group K with a faithful linear character K must be cyclic. The 
G-invariance of K implies that K is central in G. So Lemma 13 is proved. 
Remark. Note that the above proof of Lemma 13 would not work if we 
had not added a normal subgroup N to the statement of our theorem. 
Without such an N we could have concluded only that Dam(v) 9 < G{ K} 
in that proof. This would not imply that Dam(v) a _a G. 
Lemmas 12 and 13 have a number of routine consequences for the 
Fitting subgroup F= F(N), the largest normal nilpotent subgroup of N. 
Obviously F is a characteristic subgroup of N, and hence is normal in G. 
Furthermore, every characteristic abelian subgroup K of F is normal in G 
and contained in N. So K is cyclic and central in G by Lemma 13. As usual 
(see the similar Satze III, 13.6, 13.7 and 4.2 in [3]) this implies that 
(14a) The center Z of F is cyclic and central in G. 
(14b) The factor group F= F/Z is abelian. 
(14~) Commutation in F induces a map c: Fx F-t Z sending aZ x ZZ 
to [o, T], for any g, T E F. This map c is bilinear, G-invariant, alternating, 
and non-singular. 
(14d) The factor group N/F acts faithfully on F by conjugation in N. 
The abelian G-group F is G-anisotropic with respect to the bilinear form 
c; i.e., there is no non-trivial G-invariant subgroup R of F such that - - 
c(K, K) = 1. (The inverse image K of any such R would be an abelian 
normal subgroup of G contained in F< N, and so would be central in F by 
Lemma 13. Therefore K = Z and R= 1. ) 
Because F is G-anisotropic it is G-semi-simple, i.e., it is a direct product: 
F=S,x ... xs, (15) 
of simple abelian G-subgroups si, for some n > 0. Indeed the finite G-group 
F either is trivial or contains some simple G-subgroup 3,. Since F is 
G-anisotropic and 3, is simple, the intersection s, n St with the c-perpen- 
dicular G-subgroup s: must be trivial. It follows that F is the (orthogonal) 
direct product S, x S:. Now repeat the argument with the anisotropic 
G-group S: in place of i? Eventually we must reach (15). 
Lemma 13 tells us that xz is a multiple of a single faithful linear charac- 
ter [. There are not many extensions of [ to linear characters of subnormal 
subgroups of N. 
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LEMMA 16. Suppose that p is a linear character of some subgroup M 
such that 
Then M 6 F. 
Proof. There is some normal series 
M=N,aN,a ... gN,=N. 
Evidently M centralizes N,/N,_ i for i = 1, . . . . t. It follows that M centralizes 
each factor in the M-series 
FnM=FnNN,~FnN,~ ... aFnN,=F 
for F. If M is the image (Fn M)/Z of Fn M in F, we conclude that 
(17) A?? is an M-subgroup of F such that M centralizes every M-com- - - 
position factor of F/M. 
If D, tEFnM, then [a,r]EZand 
Since [ is faithful, we conclude that [a, r] = 1. Therefore Fn M is abelian, 
and its image R is contained in its c-perpendicular subgroup Ml. From 
(14a, c) it follows that c induces a duality between the abelian M-groups - - 
F/M and MI. This and (17) imply that M centralizes every M-composition 
factor of RI. In particular, it centralizes every M-composition factor of the 
M-subgroup M of MI. Applying (17) again, we conclude that 
(18) M centralizes every M-composition factor of i? 
We have seen in (15) that F is a semi-simple G-group. Because M is sub- 
normal in G, another part of Clifford’s Theory (see Hauptsatz V, 17. 3a in 
[3]) tells us that P is semi-simple as an M-group. Combining this with 
(18), we conclude that M centralizes i? Then (14d) yields Lemma 16. 
The character theory of any group F satisfying (14a, b, c) is well known 
(see the similar Satz V, 16.14 in [ 33). There is exactly one character 
@J E Irr(F 1 0, and its values are given by 
@=O on F\Z, 
= 1q1/2 ( on Z. 
In particular, Qi is G-invariant. 
Now apply Lemma 3 with Z in place of K and c in place of rc. If p and M 
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satisfy (4), then Lemma 16 tells us that M< F. Since pZ= [, every 
irreducible constituent of pF lies in Irr(F 1 [), and hence must be @. So $ is 
a multiple of @ and pLG is a multiple of @‘. This and (5) imply that x is a 
multiple of GG. But 
(@G,@)")=(@,(@G)F)=(@,jG/FI @)=IG/FJ. 
So this can only happen if G = F and x = @. Now @ is induced from some 
linear character v of a subnormal subgroup Dam(v) of the nilpotent group 
F= N (see Satz V, 18.5 in [3]). This contradicts (l), and proves the 
theorem. 
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